The dynamics of fluid vesicles in oscillatory shear flow was studied using differential equations of two variables: the Taylor deformation parameter and inclination angle θ. In a steady shear flow with a low viscosity ηin of internal fluid, the vesicles exhibit steady tank-treading motion with a constant inclination angle θ0. In the oscillatory flow with a low shear frequency, θ oscillates between ±θ0 or around θ0 for zero or finite mean shear rateγm, respectively. As shear frequency fγ increases, the vesicle oscillation becomes delayed with respect to the shear oscillation, and the oscillation amplitude decreases. At high fγ withγm = 0, another limit-cycle oscillation between θ0 − π and −θ0 is found to appear. In the steady flow, θ periodically rotates (tumbling) at high ηin, and θ and the vesicle shape oscillate (swinging) at middle ηin and high shear rate. In the oscillatory flow, the coexistence of two or more limit-cycle oscillations can occur for low fγ in these phases. For the vesicle with a fixed shape, the angle θ rotates back to the original position after an oscillation period. However, it is found that a preferred angle can be induced by small thermal fluctuations.
I. INTRODUCTION
The dynamics of soft deformable objects such as liquid droplets [1, 2] , lipid vesicles [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] , red blood cells (RBCs) [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] , and synthetic capsules [42, 43, 44, 45, 46, 47, 48, 49] in flows has received growing attention experimentally, theoretically, and numerically in recent years. Under typical experimental conditions, these objects have a constant internal volume V unless large shear breaks them. Lipid vesicles and RBCs essentially have a constant surface area A, because the number of lipids of their membranes is maintained constant in typical experimental time scales. Under these constraints, they show rich behaviors under flows. Flow can induce large shape deformations of these objects and lead to transitions of dynamic modes.
An isolated fluid vesicle exhibits three types of dynamic modes in a steady shear flow, with flow velocity v =γye x , where e x is a unit vector in the flow direction. When the viscosity of internal fluid η in and membrane viscosity η mb are low, the vesicle exhibit a tank-treading (TT) rotation with a stationary shape and a constant inclination angle θ > 0 [see Fig. 1(a) ]. At high η in and η mb , the vesicle exhibit a tumbling (TB) motion, where θ rotates [see Fig. 1(b) ]. Around the TT-TB transition viscosity with high shear rateγ, a swinging (SW) motion appears [7, 8, 9, 13, 14, 15, 16, 21, 23] , where θ and the vesicle shape oscillate [see Fig. 1(c) ]. This motion is also called trembling [7, 8, 9, 15, 16] or vacillating-breathing [13, 14] . These three types of motion can be understood by the perturbation theories for quasi-spherical vesicles [14, 15, 16] or a generalized Keller-Skalak (KS) theory for deformable ellipsoidal vesicles [21] . * noguchi@issp.u-tokyo.ac.jp
RBCs and synthetic capsules also show the TT-TB transition with increasing viscosity η in . The shear elasticity of their membranes gives an energy barrier to the TT membrane rotation [35] . Since a sufficiently large shear is necessary to induce membrane rotation, transition from the TB to TT motions occurs with increasingγ at low η in [27, 35] . The synchronization and intermittency of θ and membrane rotations appear at the transition region between TB and TT [35, 40] . At much higherγ, this energy barrier becomes negligible, so the dynamics becomes similar to that of lipid vesicles. Thus, lipid vesicles, which have no shear elasticity, can be considered as a simple model system of RBCs in high shear rates.
The relaxation dynamics of soft objects can be examined using time-dependent flows. However, compared to steady-flow conditions, the dynamics in time-dependent flows has been much less investigated. Recently, a membrane wrinkling after inversion of an elongational flow [10] and shape or orientational oscillation in structured channels [50] were discovered for fluid vesicles. For RBCs, a shape oscillation under oscillatory shear flow was observed experimentally [32] and explained by the extended KS theory [41] , which gives differential equations of three variables, a shape parameter, the inclination angle θ, and phase angle φ. At high shear frequency, multiple limit cycles coexist. At middle shear amplitudes, RBCs show complex behavior such as intermittent oscillation and complicated domain boundary [41] .
In this paper, we study the dynamics of a fluid vesicle in oscillatory shear flow withγ =γ m +γ 0 sin(2πf γ t) using the generalized KS theory [21] , which has two variables, a shape parameter and the inclination angle θ. The reduction of variables from three to two allows us to investigate the details of the dynamics. We investigate i) what kinds of oscillatory dynamics appear with respect to the TT, TB, and SW motions for zero mean shear rate (γ m = 0), ii) how the vesicle responds to the shear oscillation with finite mean shear rateγ m , and iii) how the thermal fluctuations affect the dynamics. The vesicle dynamics is described by several dimensionless quantities. The relative ratio of the volume V and surface area A is characterized by the reduced
1/3 and R S = (A/4π) 1/2 . The relative viscosity of the inside fluid and membrane are η * in = η in /η 0 and η * mb = η mb /η 0 R S , where η 0 is the viscosity of the outside fluid. The shape relaxation time of the vesicles with bending rigidity κ is given by τ = η 0 R 3 S /κ (for η * in = 1). This time is used to define a reduced shear rateγ * =γτ . The theory and results for the steady flow are explained in Secs. II and III, respectively. The results of the generalized KS theory are compared with those of perturbation theories, experiments, and simulations. The dynamics for zero and finite mean shear rate is described in Sec. IV and in Sec. V, respectively. In Sec. VI, the effects of the thermal fluctuations are investigated. Summary is given in Sec. VII.
II. GENERALIZED KELLER-SKALAK THEORY
Keller and Skalak [29] analytically derived the equation of motion of vesicles or elastic capsules based on Jeffery's theory [51] . In the KS theory, the vesicles are assumed to have a fixed ellipsoidal shape,
where a i denote the semi-axes of the ellipsoid, and the coordinate axes x i point along its principal directions. The x 1 and x 2 axes, with a 1 > a 2 , are on the vorticity (xy) plane, and the x 3 axis is in the vorticity (z) direction. The Taylor deformation parameter is defined as
, where the maximum lengths in three directions are
, and L 3 = 2a 3 . The velocity field on the membrane is assumed to be
The vesicle motion is derived from the energy balance between supply from the external fluid of the vesicle and dissipation inside the vesicle and on the membrane.
The membrane-viscosity term was derived by Tran-SonTay et al. [30] . Factor B is a function of the vesicle shape and viscosity η * in and η * mb . Here, f 0 , f 1 , f 2 , and f 3 are given by 
where E s is an integral of shear stress over the membrane surface [20, 30] . The KS theory is extended to include the shape deformation of fluid vesicles on the basis of the perturbation theory [12, 13, 15, 16] of quasi-spherical vesicles in Ref. [21] . The equation of the shape parameter α D is given by [15, 16] . This revision improves the η Ref. [21] . The first and second terms in the last parentheses represent the forces of the bending elasticity of the membrane and the external shear stress, respectively. The free energy is given by F = (κ/2) (C 1 + C 2 )
2 dA, where C 1 and C 2 are the principal curvatures at each point of the membrane. Here F is numerically calculated for ellipsoidal vesicles with (
The prolate (a 1 > a 2 = a 3 ) and oblate (a 1 = a 2 > a 3 ) shapes are energy minima and maxima, respectively, and ∂F/∂α D diverges in the limit of maximum extension,
Equations (3) and (5) are numerically integrated using the fourth-order RungeKutta method with a time step ∆t ≤ 0.0005.
For the data in Ref. [21] and in Sec. III, the interpolations of F and prefactors in Eq. (4) are employed. For the dynamics in the oscillatory flow at V * = 0.9 and η * mb = 0, the fit functions are employed instead to avoid the artifacts of non-smooth functions: 
III. VESICLE DYNAMICS IN STEADY SHEAR FLOW
First, we briefly describe the vesicle dynamics in steady shear flow. Figure 2(a) shows the phase diagram with dimensionless parameters S = (7π/3 √ 3)γη 0 R V 3 /κ∆ S and Λ = 3∆ S /10π(32+23η * in +16η * mb )/24 calculated by the generalized KS theory; see also lines in Fig. 3(a) . The parameters S and Λ are introduced in the perturbation theory of quasi-spherical vesicles [15] .
At low shear rateγ * 1 (S 1), the vesicle keeps a prolate shape, and the original KS theory [Eq.(3)] gives very good predictions. For B > 1, a stable fixed point θ = 0.5 arccos(1/B) exists, i.e., the TT motion occurs. For B < 1, there is no fixed point, and the angle θ periodically rotates (TB). As η * in or η * mb (Λ) increases, the transition from the TT to TB motion occurs, where B decreases from B > 1 to B < 1.
On the other hand, higher shear atγ * 1 (S 1) can induce large shape deformation of the vesicles, and the SW phase appears between the TT and TB phases. In Eq. (5), the shear force depends on θ as sin(2θ), so the shear increases α D (elongation) for 0 < θ < π/2, and decreases α D (shrinkage) for −π/2 < θ < 0. The SW motion is generated by this shape deformation as follows [21] : A prolate vesicle starts θ rotation with B < 1 like in the TB motion, and then the vesicle shrinks to more spherical shape at θ < 0, which has greater B. When B becomes greater than 1/ cos(2θ), the right hand side of Eq.(3) changes its sign and then the angle θ increases. At θ > 0, the vesicle elongates to the prolate shape. Thus, θ and α D oscillate.
The diagram of these three phases is also obtained in [29] . The dashed (blue), dotted (brown), and dashed-dotted (green) lines represent quasi-spherical perturbation theories atγ → 0 by Lebedev et al. [15] and Danker et al. [14] , and atγ → ∞ [12] , respectively. The squares and circles indicate the simulation results in Ref. [11] and Ref. [20] , respectively. The dotted (black) lines in the inset represent a leading-order approximation of the perturbation theory by Seifert [12] the perturbation theory of quasi-spherical vesicles [14, 15, 16] and by experiment [8] . All of them give qualitatively the same diagram but quantitative differences exist. In the perturbation theory by Lebedev et al. [15, 16] , the diagram is determined by only two parameters S and Λ. The TT-TB transition occurs at Λ = 2/ √ 3 ≃ 1.15 for S → 0. The SW phase appears between the TT and TB phases at S > √ 3. The width of the SW phase is small, ∆Λ SW ∼ 0.1 [1.4 ≤ Λ SW ≤ 1.5 at S = 10]. Danker et al. [14] extended Lebedev's theory to take into account a higher order term. In Danker's theory, the SW phase becomes wider at larger ∆ S (1.4 ≤ Λ SW ≤ 1.7 at S = 10 and ∆ S = 1). Very recently, Deschamps et al. [8] obtained the phase diagram experimentally. Surprisingly, the resulting phase diagram depends only on Λ and S for the wide range of the excess area 0.2 ≤ ∆ S ≤ 2.2 (0.98 ≥ V * ≥ 0.79) as Lebedev's theory. However, the width of the SW phase is much wider, 1.5 ≤ Λ SW ≤ 2.2. In our generalized KS theory, the SW phase is shifted upwards with decreasing V * but the region of the SW phase is closer to the experimental results as compared to the perturbation theories; see Fig. 2(a) .
To compare the results in more detail, the stable angle θ in the TT phase at η * in = 1 and η * mb = 0 is shown in Fig. 2(b) . At V * 0.9, several theories [12, 14, 15, 21, 29] , simulations [11, 20, 36] , and experiments [4, 6] show good agreements. Kantsler and Steinberg [6] reported that their experimental results agree very well with the leading order approximation of the theory [12] 
see the black dotted line in the inset of Fig.  2(b) . However, at the lower volumes V * 0.8 (∆ S 2), deviations between the theories are seen. The KS theory predicts a gradual decrease in θ, while in the perturbation theories, θ rapidly decreases and the TB motion occurs; see Fig. 2(b) . The KS theory gives very good agreements with the simulation data of the boundary integral simulation (without thermal fluctuations) [11] and multi-particle collision (MPC) dynamics (with thermal fluctuations) [20] . Since the perturbation theory assumes ∆ S ≪ 1, this TB phase at η * in = 1 and η * mb = 0 would be an artifact of the approximation. It is surprising that the perturbation gives good predictions even at ∆ S ≃ 1. Thus, the perturbation theories should not be applied to the dynamics for ∆ S 2.
Previously, we simulated the SW motion in two-(Ref. [23] ) and three-dimensional spaces (Ref. [21] ) at a reduced area A * = 0.7 and volume V * = 0.78 using the MPC method [52] , respectively (see Fig. 1 ). The region of the SW phase does not completely agree with the prediction of the generalized KS theory but it can be fitted by modifying the factors A 0 or A 1 . Since these factors are derived from the perturbation theory, it is less reliable at low reduced volumes. In this paper, we use the vesicle at shear frequency (f * γ 0.1), the vesicle approaches one limit-cycle oscillation from any initial position, and the angle θ stepwisely oscillates between ±θ 0 , where θ 0 is the stable angle of the TT phase in the steady flow; see Fig. 5(c) . We call this oscillation as TT-based oscillation. For a high shear frequency (f * γ 0.1), the vesicle cannot relax to the angle ±θ 0 of the steady flow for a half period 1/2f γ . Instead, two limit cycles coexist as shown in Figs. 5(b) and (c): Oscillation between ±θ 0 or between −θ 0 and θ 0 − π. An approached limit cycle is chosen by an initial angle θ but is almost independent of an initial shape α D . The trajectories on the (α D , θ) plane in the stroboscopic map at t = n/f γ are shown in Fig. 5(a) , where n is an arbitrary integer. It rapidly relaxes onto a sinusoidal curve and slowly approaches one of the stable fixed points. Two saddle points are seen on the curve at θ/π = −0.18 and 0.38. Figure 4 shows the domain boundary for initial angles θ int . Since the domain boundary is not sensitive to an initial value of α D , the data with a constant initial shape α D = 0.325 are shown. As f * γ decreases, the left stable and unstable fixed points become closer, and two domains merge at f * γ = 0.11; see Fig. 4(a) . Thus, the left fixed point (oscillation between −θ 0 and θ 0 − π) at high f * γ is generated by a saddle-node bifurcation. The frequency f * γ for this bifurcation decreases with increasing η * in ; see Fig. 3(b) . This can be understood by slower relaxation velocityθ m at higher η * in ; see Fig. 2(c) . α D (t + 0.5/f γ ) = α D (t) and θ(t + 0.5/f γ ) = −θ(t). In the low frequency limit f * γ ≪ 1, the vesicles show maximum and minimum deformation at t = 0.25/f γ and t = 0, where the shear stress η 0γ (t) has maximum and minimum values, respectively. As f * γ increases, the times at maximum and minimum deformation become delayed and approach t = 0.5/f γ and t = 0.25/f γ . On the other hand, θ always has maximum and minimum values at t = 0.5/f γ and t = 0, respectively. The amplitudes of α D and θ in the oscillation rapidly decrease with increasing f * γ at f * γ 0.1. This reduction of amplitudes and the coexistence of two limit cycles at high f * γ occur due to faster change of shear direction than vesicle relaxation.
At low η * in [(brown) circles in Fig. 3(a) ], one region of two limit cycles appears only at high f * γ . On the other hand, at higher η * in [(blue) triangles and (green) squares in Fig. 3(a) ], regions of two or more limit cycles appear at lower f * γ . Next, we describe TB-based oscillation at a high η * in [(green) squares in Fig. 3(a) ]. At low f * γ , the vesicle rotates clockwisely at 0 < t < 0.5/f γ and rotates back at 0.5/f γ < t < 1/f γ ; see Fig. 7 . Typically, the shape of time-evolution curves are symmetric like the TT-based oscillation, but asymmetric shape (see dashed lines in Fig. 7 ) and the coexistence of two limit cycles can occur even at low f * γ . The rotation amplitude of θ stepwisely decreases with increasing f * γ and the amplitude of α D oscillates as shown in Fig. 8(c) . At peaks of rotation amplitude in the inset of Fig. 8(c) , two limit cycles with different rotation amplitudes are obtained with increasing and decreasing f * γ . Thus, narrow regions of two limit cycles repeatedly appear at f * γ 0.1. At high f * γ , a wide region of two limit cycles appear like the TT-based oscillation. The trajectories of the oscillation around θ/π = −0.5 are also very similar; see Fig.  5(e) . However, the trajectories around θ/π = 0 are convex upward and downward for the TB-and TT-based oscillations, respectively, (see Fig. 5(d) ), since θ rotates in the opposite direction.
At middle η * in and highγ * [(blue) triangles in Fig.  3(a) ], the SW-based oscillation appears. The different frequencies of oscillations of α D and θ occur in a wider region of f * γ than the TB region; see Fig. 9 . The domains of multiple limit cycles have a complicated shape, as shown in Fig. 4(c) . These domains appear or disappear via saddle-node and Hopf bifurcations. The amplitudes of α D and θ depend on trapped limit cycles. As f * γ increases or decreases, the vesicles are often trapped in different limit cycles; see Figs. 8(a) and (b). The peaks in Fig. 8(b) represent TB rotation, which coexists with SW oscillation. 
V. VESICLE DYNAMICS IN OSCILLATORY SHEAR FLOW WITH FINITEγm
Next, we consider the vesicle dynamics in the oscillatory flow with 0 <γ 0 <γ m . In the TT phase, the shear rateγ is always positive and the vesicle keeps a stable TT angle with θ > 0. Unlike the oscillatory flow witḣ γ m = 0, only one limit cycle exists even for high f γ . The shape α D and angle θ oscillate around the steady values atγ(t) =γ m ; see Fig. 10 . Their amplitudes increase with increasingγ 0 and decrease with increasing f γ ; see Fig. 11 . In the low frequency limit, the maximum and minimum of α D (minimum and maximum of θ) appear at t = 0.25/f γ and t = 0.75/f γ , where the shear stress η 0γ (t) has maximum and minimum values, respectively. The minimum and maximum times are delayed with increasing f γ , and these delays are almost independent oḟ γ 0 andγ m ; see Fig. 11(c) . In the high frequency limit, the maximum and minimum of α D are reached at t = 0.5/f γ and t = 1/f γ , respectively, whereγ =γ m . The angle θ shows greater delays than α D , since stable θ is varied not directly byγ * but by the evolution of α D . The phase delay between α D and θ approaches π/4 as f γ /γ m increases; see Fig. 10(c) . These oscillations also occur for RBCs, where the TT motion generates additional oscillation of the shape and angles [41] . A similar phase delay is observed in the experiments of RBCs for oscillatory shear flow [31] .
In the TB and SW phases, the shear oscillation is weakly coupled with the oscillations of α D and θ. In most of the parameter regions, the TB or SW oscillation is not synchronized with the shear oscillation. The synchronization only occurs in very narrow regions, where the tumbling or swinging frequency has integer ratios with the shear frequency: f TB = (n/m)f γ or f SW = (n/m)f γ , where m and n are arbitrary integers [53] . The synchronization with f TB = f γ and f TB = 2f γ appears only at 0.1522 < f γ /γ m < 0.1542 and at 0.0764 < f γ /γ m < 0.0768, respectively, for η * in = 8,γ * m = 10, andγ * 0 = 5. Other synchronizations have much narrower regions. Figure 10(d) shows the return map of typical attracted orbits in the TB phases. Atγ 0 /γ m = 0.15, an intermittent dynamics appears; θ n+1 (θ at t = (n + 1)/f γ ) approaches θ n+1 = θ n − π at θ n = 0 (but not contacted), so that the vesicle is trapped on θ = 0 at t = n/f γ and intermittently escapes.
Elastic capsules such as RBCs [27] and synthetic capsules [42, 43, 44, 45, 46] show similar oscillations of α D and θ at the tank-treading phase in steady shear flow. To overcome the energy barrier, the TT membrane velocity ω of the elastic capsules oscillates with the TT rotation frequency, and induces the oscillations of α D and θ [35, 40] . For the elastic capsules, the phase difference between α D and θ is also π/4 at a large shear rate, but approaches 0 at lower boundγ tt of the TT phase [40] . This phase shift occurs since θ oscillation is caused by ω oscillation as well as α D oscillation unlike for the lipid vesicles in the oscillatory flow.
VI. EFFECTS OF THERMAL FLUCTUATIONS IN OSCILLATORY SHEAR FLOW
In the small shear limitγ * → 0, the vesicle deformation becomes negligible and the vesicle dynamics is given by the original KS theory, i.e., α D and the factor B in Eq. (3) are constant. The original KS theory gives no attractor in the oscillatory flow withγ * m = 0. Since Eq. (3) is symmetric to time reversal, θ exactly returns to the original angle at t ′ = t + n/f γ ; see Fig. 12(a) . The shape deformation given by Eq. (5) breaks this reversibility but the approach to the limit cycle is slower at smalleṙ γ * 0 . At smallγ * 0 , the thermal noises are typically not negligible. Recently, Pine et al. [54] demonstrated that noises can break the time reversibility: The interactions between spherical particles can induce the diffusion of particle positions at t = n/f γ in the oscillatory shear flow. In this section, we clarify the thermal noise effects on the vesicle dynamics with a fixed shape.
Gaussian white noise g(t) is added to Eq. (3) to take into account the thermal fluctuations, where g(t) = 0, g(t)g(t ′ ) = 2Dδ(t−t ′ ). The fluctuation-dissipation theorem gives the diffusion constant D = k B T /ζ, where ζ is a rotational friction coefficient and k B T is the thermal energy; for a sphere, ζ = 8πη 0 R 3 S . A dimensionless quantity, the rotational Peclet number χ =γ 0 /D =γ 0 ζ/k B T represents the shear amplitude relative to the thermal fluctuations. Equation (3) is numerically integrated using the second-order Runge-Kutta method [55] with a time step ∆t ≤ 0.00005.
First, we consider the TT vesicle at η * in = 1 (B = 1.7, where the stable TT angle θ 0 = 0.15π in the steady flow). At χ 1, the thermal fluctuations are dominant, and θ show a uniform distribution. As χ increases, a peak grows at θ ≃ −θ 0 or at θ ≃ θ 0 in the distribution of θ at t = n/f γ or at t = (n + 0.5)/f γ , respectively; see Figs. 12(b) and (c). For n/f γ < t < (n+0.5)/f γ , a half of the vesicles rotate θ ≃ −θ 0 to θ 0 and the other half rotate to θ 0 − π. Thus, the peak at θ ≃ −θ 0 splits to two peaks, and then they merge into a new peak at θ ≃ θ 0 . Thus, the thermal fluctuations lead the vesicle to the orbit of the deformed vesicle; compare Fig. 5(c) . These effects can be explained by the orbits in Fig. 12(a) . The angles in the wide region of −0.8 < θ/π < 0.15 at t = (n + 0.5)/f γ accumulate in the narrow region −0.2 < θ/π < 0.1 at t = (n + 1)/f γ . The combination of this accumulation and the thermal diffusion gives the peaks in the angular distribution. The width of the distribution is calculated as the standard deviation (∆θ/π) 2 for θ max − 0.5π < θ < θ max + 0.5π, where θ max is the maximum angle; see Fig. 12(d) . For the uniform distribution, (∆θ/π) 2 = 1/2 √ 3 ≃ 0.29. At χ ≫ 1, the width decreases with decreasing f * γ . A sharper peak is obtained for smaller f * γ with large χ.
Next, we investigate the vesicle in the TB phase. In the limit η * in → ∞, the vesicle becomes a solid object, where no shape deformation occur even at highγ * . Then, the dynamics is given by Jeffery's theory [51] , where B = f 0 f 1 in Eq. (3) (B = 0.59 for a prolate object at V * = 0.9). In the absence of the thermal noise, the orbit is time reversible and the angular distribution has a peak at θ = 0 in the steady flow. The thermal fluctuations slightly shift this peak to positive θ [20] , and the peak becomes smaller at smaller χ; see Fig. 13(c) . In the oscillatory flow, the peak in the angular distribution moves to negative (positive) θ for t = n/f γ (t = (n + 0.5)/f γ ) with increasing f * γ ; see Fig. 13 . For n/f γ < t < (n + 0.5)/f γ , most of the TB vesicles show clockwise rotation from θ ∼ −π/4 to −3π/4, while the peak moves from −π/4 to π/4. The sharpest peak is obtained for f * γ ≃ 0.1 with large χ in contract to a monotonic dependence on f * TT phase (low inertial viscosity η * in ) at a low shear frequency f * γ , the inclination angle θ oscillates between the steady TT angle ±θ 0 in the steady flow withγ * ∼ ±γ * 0 at n < f γ t < n + 0.5 and n + 0.5 < f γ t < n + 1, respectively. In the TB phase (high η * in ), θ rotates clockwisely and then rotates back. In the SW phase (middle η * in and highγ * 0 ), the vesicle shape and θ oscillate. At high f * γ , two limit cycles coexist. The angle θ oscillates around θ = 0 or θ = −π/2. At some regions of middle f * γ , two or more limit cycles can exist in the TB and SW phases.
In the oscillatory flow with the finite net flow aṫ γ m >γ 0 > 0, only one limit cycle exists in the TT phase. As f * γ increases, the oscillation of shape and θ become delayed compared to the shear oscillation. The SW and TB oscillations are typically not locked with the shear frequency. In the limit of smallγ * 0 or high η * in (corresponding to solid objects), the dynamics is integrable and no attractor exists in the absence of noise. However, we found that the thermal fluctuations can induce an attractive orbit.
In the previous paper [40] , we investigated the dynamics of an RBC in oscillatory shear flow using the differential equations of three variables. RBCs show TT, TB, and intermediate motions depending onγ * 0 and η * in . In the TT and TB phases, the dynamics of RBCs is very similar to that of fluid vesicles, while the membrane energy barrier of RBCs induces additional shape and angular oscillations. For RBCs with the intermediate shear amplitude, the small variations in the parameters can induce the dynamic modes from intermittent to synchronized oscillations, and change the number of coexisting limit-cycle oscillations.
Recently, Deschamps et al. [9] demonstrated that a general flow controlled by a 4-roll mill device is a good experimental setup to investigate the details of the vesicle dynamics. Our study shows that the oscillatory shear flow is another condition to reveal the dynamics of vesicles, cells, and capsules. The analysis of the frequency dependence helps understand their viscoelastic behaviors. We hope that our study stimulates further experimental study on oscillatory flows.
